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Abstract — With the recent push for a crewed Lunar mission to 

descend, land, and ascend from the Moon, there is a need for 

real-time position, velocity, and orientation knowledge of a 

Lunar spacecraft. Proposed approaches to achieve this include 

the use of weak-signals received from GPS and Deep Space 

Network (DSN)-aided measurements, but these all require 

significant hardware development and active tracking from 

multiple ground stations. Additionally, these solutions may be 

unavailable during close approach and landing. This paper 

extends the previously published relative Doppler-based 

positioning scheme (Law of Cosines – LOC) and an absolute 

Doppler-based scheme (Conic Doppler Localization – CDL) 

with the aid of range measurements and an inertial 

measurement unit (IMU) to create the Doppler Based 

Autonomous Navigation (DBAN) architecture. DBAN allows for 

real-time, autonomous positioning with as few as one Lunar 

orbiter and a reference station on the surface of the Moon.  

The LOC scheme is a relative navigation architecture that 

converts Doppler measurements into Doppler-based range 

measurements with the aid of a reference station and at least one 

satellite. In addition, the CDL scheme is an absolute navigation 

architecture that converts Doppler measurements into conic 

sections for angle-based positioning. These schemes allow for 

localization with solely Doppler measurements that can be made 

using existing hardware, with significant performance 

improvements when including range measurements. However, 

the existing drawback with these schemes is that they require a 

static user; they can be biased through the Doppler shift 

produced by a dynamic user. However, with the aid of range 

measurements, an IMU, and a non-linear Kalman filter, DBAN 

can correct these biases and provide continuous Doppler-based 

navigation. 

In this analysis, the Lunar Gateway and the Lunar Relay 

Satellite (LRS) were used with a pre-existing reference station 

located on the south pole of the Moon to localize a user during 

orbit, descent, and landing. A surface constraint assumption 

was optionally implemented using the knowledge of the altitude 

of the user as a constraint. Satellite ephemeris, velocity, and 

external and internal measurement errors were modeled as 

Gaussian variables and embedded in Monte Carlo simulations 

to increase fidelity. An Extended Kalman Filter (EKF) was used 
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to ensure quick convergence without effects from linearization 

during intervals of high user dynamics. 

Ultimately, the DBAN architecture may provide real-time 

positioning, velocity, and orientation knowledge with a minimal 

navigation infrastructure that relaxes hardware requirements 

and utilizes as few as one orbiter.   

TABLE OF CONTENTS 

1. INTRODUCTION ....................................................... 1 
2. WORKING PRINCIPLES ........................................... 2 
3. REVIEW OF EQUATIONS ......................................... 3 
4. SCENARIO ................................................................ 4 
5. SIMULATION SETUP ................................................ 5 
6. RESULTS .................................................................. 5 
7. CONCLUSIONS ......................................................... 6 
APPENDICES ................................................................ 7 
A.  JDR-LOC DERIVATION ........................................ 7 
B.  MCDL DERIVATION ............................................. 8 
ACKNOWLEDGEMENTS .............................................. 8 
REFERENCES ............................................................... 8 
BIOGRAPHY ................................................................. 9 

 

1. INTRODUCTION 

With the quickly approaching plans for a crewed mission to 

descend, land, and ascend from the Moon, there is a growing 

need for a navigation architecture that can be autonomous 

from the Earth and sustainable for the future. Some potential 

architectures have included the use of weak GNSS signals [1] 

and active tracking with the Deep Space Network (DSN) [2]. 

However, these and other methods like them, would require 

significant hardware implementations and cooperation and 

observables from Earth.  

A new navigational architecture is introduced in this paper 

called Doppler Based Autonomous Navigation (DBAN). 

DBAN can enable real-time, autonomous positioning with as 

few as one Lunar orbiter and a reference station on the surface 
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of the planet. Because DBAN is not reliant on Earth based 

observations, the user is able to calculate their own respective 

position. DBAN can allow for a primary or redundant 

navigation system if/when Earth based navigation systems 

fail. This can make the system useful for crewed missions. 

DBAN is a system that contains inertial navigation systems, 

coupled with Joint Doppler and Ranging (JDR) schemes that 

enable both relative and absolute positioning. These are 

loosely integrated through an Extended Kalman Filter (EKF). 

The relative JDR scheme is an extension of an only Doppler 

based navigation scheme called the Law of Cosines (LOC). 

The LOC scheme is a relative navigation architecture that 

converts Doppler measurements into Doppler-based range 

measurements with the aid of a reference station and at least 

one satellite [3]. The absolute JDR scheme is an extension of 

an only Doppler based navigation scheme called Conic 

Doppler Localization (CDL). This scheme converts Doppler 

measurements into conic sections for angle-based 

positioning. However, the existing drawback with these 

schemes is that they require a static user; they can be biased 

through the Doppler shift produced by a moving user. 

However, with the aid of range measurements, an IMU, and 

a non-linear Kalman filter, DBAN can correct these biases 

and provide continuous navigation. 

In this analysis, the Lunar Gateway and the Lunar Relay 

Satellite (LRS) were used with a pre-existing reference 

station located on the south pole of the Moon to localize a 

user during a transfer orbit and Low Lunar Orbit. The user 

was assumed to be the Human Landing System (HLS) 

undocking from the Gateway and arriving at a parking orbit 

of 100 km above the Lunar surface. A navigation grade 

inertial navigation system (INS) is utilized on the user 

(sampled at 10 Hz), with two way ranging and Doppler 

measurements made from each visible satellite (sampled at 1 

Hz).  

With DBAN, the positioning accuracy had approached 8 km 

with a maximum error of about 10 km after 13 hours of 

integration. This was a significant improvement from the 

error from dead reckoning of approximately 10,000 km. Just 

as with position, velocity error was also increased with an 

increase in user dynamics, reaching 1.5 m/s of error with a 

maximum of 2.3 m/s. 

Ultimately, the DBAN architecture can provide real-time 

positioning, velocity, and orientation knowledge with 

significant improvements to standard dead reckoning. DBAN 

can enable a minimal navigation infrastructure that can 

enable autonomous positioning of crewed missions.     

2. WORKING PRINCIPLES 

Doppler and Range Based Positioning Schemes 

The Law of Cosines (LOC) scheme is a relative Doppler 

based positioning scheme that requires a reference station and 

as few as one satellite to localize a user [3]. A novel algorithm 

is used in this scheme to convert Doppler measurements into 

Doppler based Range measurements. Because current 

proximity link radios can log Doppler shifts of locked 

satellites in real time, positioning is enabled with relatively 

low hardware requirements with LOC. 

Additionally, the Conic Doppler Localization (CDL) scheme 

is an absolute scheme that positions by calculating 

intersections of multiple, infinite conics produced by Doppler 

measurements. Because this is an absolute scheme there is no 

need for a reference station. However, error from Doppler 

measurements and errors in satellite velocity and satellite 

ephemeris knowledge are directly embedded into the final 

position fix.  

Joint Doppler and Ranging (JDR) is the addition of range 

measurements into both of the previously mentioned Doppler 

based positioning schemes. JDR with the LOC scheme, 

called JDR-LOC, can enable improved performance and real 

time localization with as few as one satellite [4]. 

Additionally, JDR with CDL, called Modified CDL 

(MCDL), can enable improved performance by limiting the 

length of the conics produced by the Doppler measurements. 

Two-way ranging and two-way Doppler measurements were 

assumed for this analysis.  

Additionally, the knowledge of the user’s altitude can be used 

with both of these schemes as an additional pseudorange 

measurement from a faux satellite at the center of the planet. 

This faux measurement is known as the surface constraint [4]. 

With DBAN, both the absolute and the relative positioning 

schemes are utilized. The absolute scheme (MCDL) is used 

by default and the relative scheme (JDR-LOC) is used when 

the reference station is in view and in range. Therefore, there 

is the constant utilization of measurements from satellites in 

view, with improved position fixes when the reference station 

is available.  

Inertial Navigation Systems (INS) 

One drawback of the previously mentioned positioning 

schemes is that they are dependent on external satellites. This 

reliance can lead to low update frequencies and/or signal 

dropouts. A solution to this is the use of an Inertial 

Navigation System (INS). An INS is a system of sensors that 

measure the relative accelerations and angular velocities of a 

body. The INS can integrate these measurements to calculate 

the relative position and orientation change of the body in 3 

dimensions [5]. The INS can allow for relative positioning in 

a self-contained system, enabling navigation when external 

positioning schemes are unavailable. 

 

In this report, the INS measurements were simulated from a 

given trajectory of the user, allowing for the repeated 

simulation of the measurements with various input error 

cases. A navigation grade inertial measurement unit (IMU) 

was assumed in this analysis.  

 

INS/JDR Integration System 

In this implementation, the INS was loosely coupled with the 

JDR schemes through the Extended Kalman Filter (EKF). 
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This meant that the position fixes created from the JDR 

schemes at each measurement instance were treated as direct 

input to the Kalman filter (Figure 1). The calculated position 

from the IMU was used as the nominal trajectory in the EKF. 

 

Reference Frames 

Body Frame (“BOD”)—This frame has its origin aligned 

with the IMU, with its three axes aligned with the three most 

sensitive axes of the IMU. Although the body frame origin is 

 
Figure 1: Block Diagram of a Loosely Coupled INS/JDR 

Integration. 𝐫̅ are the calculated position vectors and 𝚾̅ is 

the current state vector 

 

typically set at the center of mass of the user, this body frame 

was aligned with the “sensor frame” of the IMU to remove 

the need for level arm compensation and simplify the 

analysis. All inertial measurements were made in the body 

frame. In this report, the x-axis of the body frame was aligned 

with the velocity vector of the user.  

Fixed Frame (“FIX” – frame)—This planet fixed frame has 

its origin at the center of mass of the planet / planetary body 

with its axes rotating with respect to the body’s rotation. The 

x-axis is typically pointing to a reference point, the z-axis is 

parallel to the mean spin axis of the planet, and the y-axis is 

orthogonal to x and z. This reference frame was used as the 

primary navigational frame.  

3. REVIEW OF EQUATIONS  

Joint Doppler and Ranging – Law of Cosines (JDR-LOC) 

The Doppler based pseudorange equation for the JDR-LOC 

scheme can be derived assuming a nearby reference station 

that can communicate measurements to the user (1) [4]. 𝑃⃑  is 

the relative positioning vector from the reference station to 

the user. A description of all terms, the full derivation of this 

equation, and the resulting cost function is described in 

Appendix A. The implemented form of equation 1 was 

modified to move all Cosine terms into a numerator to reduce 

the divergent effects of dividing by zero. This form was 

shown for clarity. 

 

 (
(𝐿⃑ 𝑖 + 𝑃⃑ ) ∙  𝑢̂𝑣

𝑖

𝑐𝑜𝑠𝜃𝑖
)

2

= (
𝐿⃑ 𝑖 ∙  𝑢̂𝑣

𝑖

𝑐𝑜𝑠𝜙𝑖
)

2

+ ‖𝑃⃑ ‖
2
− 2(

𝐿⃑ 𝑖 ∙  𝑢̂𝑣
𝑖

𝑐𝑜𝑠𝜙𝑖
)(𝑃⃑ ∙ 𝑢̂𝑖) (1) 

 

Additionally, the standard range equation is utilized (without 

clock correction) (2). 

 

 𝑃𝑅𝑖 = ‖(𝐿 
𝑖
+ 𝑃⃑ ) − 𝐶𝑖⃑⃑ ‖ (2) 

 

Modified Conic Doppler Localization (MCDL) 

Unlike the relative technique, the MCDL scheme for absolute 

positioning does not have independent Doppler and ranging 

equations. Rather, they are coupled to allow for the range 

measurements to actively correct the Doppler conic equations 

(3). 𝑈⃑⃑  is the absolute position vector from the origin to the 

user. A description of all terms, the full derivation of this 

equation, and the resulting cost function is described in 

Appendix B.  
 

 𝑐𝑜𝑠𝜃𝑖 ∗ 𝑃𝑅𝑖 = (𝑈⃑⃑ − 𝐶𝑖⃑⃑ ) ∙  𝑢̂𝑣
𝑖
 (3) 

 

INS Mechanization Equations 

The mechanization equations in this analysis were fairly 

simplistic. One reason for this was that the user was limited 

to only traversing over the Moon, not on its surface. This 

meant that many of the additional effects of planet rotation 

on IMU measurements did not play a factor in this analysis. 

Additionally, the simplicity was to quantify feasibility of the 

DBAN system with highly dynamic users.  
 

Measurement Corrections—First, the raw, body frame 

measurements taken from the IMU were corrected for their 

biases. The estimated biases were taken from the current state 

vector.  

 𝑎̅𝐵𝑂𝐷
𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑 = 𝑎̅𝐵𝑂𝐷

𝑟𝑎𝑤 − 𝑏̅𝑎𝑐𝑐𝑒𝑙  (4) 

   

 𝜔̅𝐵𝑂𝐷/𝐹𝐼𝑋 
𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑 = 𝜔̅𝐵𝑂𝐷/𝐹𝐼𝑋

𝑟𝑎𝑤 − 𝑏̅𝑔𝑦𝑟𝑜 (5) 
 

The body to fixed frame quaternion from the current state was 

first converted into a rotation matrix. All the measurements, 

which are taken in the body frame, were converted into the 

fixed frame using this rotation matrix. 
 

 𝑅𝐵𝑂𝐷2𝐹𝐼𝑋(𝑞̅𝐵𝑂𝐷2𝐹𝐼𝑋) (6) 
 

Velocity Update—The corrected acceleration measurements 

in the body frame were then multiplied by the time increment 

to obtain velocity increments. This velocity increment was 

rotated into the fixed frame and combined with the previous 

state’s velocity vector to obtain the current state’s velocity.  

 

 Δ𝑡 = 𝑡𝑘 − 𝑡𝑘+1 (7) 

   

 𝑣̅𝐹𝐼𝑋𝑘
= 𝑅𝐵𝑂𝐷2𝐹𝐼𝑋𝑎̅𝐵𝑂𝐷

𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑Δ𝑡 + 𝑣̅𝐹𝐼𝑋𝑘−1
 (8) 

 

Position Update—The position was then integrated using the 

simple trapezoidal method (appropriate with high sampling 

rates). 
 

 𝑟̅𝐹𝐼𝑋𝑘
=

1

2
(𝑣̅𝐹𝐼𝑋𝑘

+ 𝑣̅𝐹𝐼𝑋𝑘−1
)Δ𝑡 + 𝑟̅𝐹𝐼𝑋𝑘−1

 (9) 

 

Attitude Update—Finally, the attitude was updated by 

converting the corrected angular velocity measurements into 

an angular increment rotation vector: 
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 𝜃̅𝐵𝑂𝐷/𝐹𝐼𝑋
𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡 = 𝜔̅𝐵𝑂𝐷/𝐹𝐼𝑋

𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑Δ𝑡 (10) 
 

This rotation vector was then converted into a quaternion: 
 

 𝑞̅𝑡𝑘−12𝑡𝑘
(𝜃̅𝐵𝑂𝐷/𝐹𝐼𝑋

𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡) (11) 

 

Finally, the quaternion was inverted and multiplied with the 

quaternion from the previous state vector to obtain the current 

orientation. 

 𝑞̅𝐵𝑂𝐷2𝐹𝐼𝑋𝑘
= 𝑞̅𝐵𝑂𝐷2𝐹𝐼𝑋𝑘−1

∗ 𝑞̅𝑡𝑘−12𝑡𝑘
 −1  (12) 

 

Extended Kalman Filter (EKF) 

To run a sequential filter, such as the EKF, there are 

prerequisites that must be known about the given system. 

These can include: the state vector, the forcing function, and 

measurement models. The calculated position from the IMU 

was utilized as the nominal trajectory in this analysis. 

 

Estimated State—The state that was estimated in the EKF 

contained the user’s position and velocity in the fixed frame, 

the user’s body to fixed frame orientation in quaternions, and 

bias terms in three dimensions for the accelerometers and 

gyroscopes. Therefore, the state had a total of 16 terms: 

 

 Χ̅ = [𝑟̅𝐹𝐼𝑋 𝑣̅𝐹𝐼𝑋 𝑞̅𝐹𝐼𝑋 𝑏̅𝐺𝑦𝑟𝑜 𝑏̅𝐴𝑐𝑐𝑒𝑙]
T
 (13) 

 

Forcing Function—The forcing function, or the derivative of 

the state vector, is used to describe the dynamics of the state 

vector elements. It can be described as a linear combination 

of the state vector in the matrix A: 

 

 𝐴 =

[
 
 
 
 
0 𝑉 0 0 0
𝐶 0 0 0 0
0 0 𝑄 0 0
0 0 0 𝐵𝑎 0
0 0 0 0 𝐵𝑔]

 
 
 
 

 (14) 

 
 

Where: 
 

 𝑉 = 𝐼3𝑥3 (15) 

   

 
𝐶 =

𝜇

𝑟5

[
 
 
 
 
 
 2𝑥 −

𝑦2 + 𝑧2

𝑥
 3𝑥 3𝑥

3𝑦 −2𝑦 +
𝑥2 + 𝑧2

𝑦
3𝑦

3𝑧 3𝑧 −2𝑧 +
𝑥2 + 𝑦2

𝑧 ]
 
 
 
 
 
 

 

𝑟 =  √𝑥2 + 𝑦2 + 𝑧2  

(16) 

   

 𝑄 =
1

2

[
 
 
 
 

0 𝜔𝑧 −𝜔𝑦 𝜔𝑧

−𝜔𝑧 0 −𝜔𝑥 𝜔𝑦

𝜔𝑦 −𝜔𝑥 0 𝜔𝑧

−𝜔𝑥 −𝜔𝑦 −𝜔𝑧 0 ]
 
 
 
 

 (17) 

   

 𝐵𝑎 = 𝑔

[
 
 
 
 
1

𝜔𝑧

−𝜏 0

𝜏
1

𝜔𝑧

0

0 0 0]
 
 
 
 

 (18) 

   

 𝐵𝑔 = 𝑏𝑔 −  𝜔(𝜔 + 𝑘𝑔)−1(𝑏𝑔 − 𝑘𝑝𝑏𝑎) (19) 

 

Finally, the matrix A was used to calculate the state transition 

matrix: 

 

 𝜙(𝑡𝑘, 𝑡𝑘−1) = 𝐼16𝑥16 + ∑
1

𝑛!
𝐴𝑛(𝑡𝑘 − 𝑡𝑘−1)

20

𝑛=1

 (20) 

 

Measurement Model—Because the input to the EKF was just 

the position fix calculated by either MCDL or JDR-LOC, the 

measurement model was simply the nominal trajectory.  
 

 𝐺(Χ̅𝑘
∗ , 𝑡𝑘) = Χ̅𝑘

∗  (21) 
 

Calculating the dynamics of the measurement model: 

 

 𝐻̃(Χ̅∗, 𝑡𝑘) = [
−1 0 0
0 −1 0 03𝑥13

0 0 −1

] (22) 

 

Finally, the standard equations for an Extended Kalman Filter 

are used to calculate the new state. The time update was as 

follows: 
 

 𝑃̅𝑘 = 𝜙(𝑡𝑘, 𝑡𝑘−1)𝑃̅𝑘−1𝜙
𝑇(𝑡𝑘, 𝑡𝑘−1) (23) 

 

The observation was then made, and the optimal gain was 

calculated: 
 

 𝑦𝑘 = 𝑌𝑘 − 𝐺(Χ̅𝑘
∗ , 𝑡𝑘) (24) 

   

 𝐾𝑘 = 𝑃̅𝑘𝐻𝑘
𝑇(𝐻𝑘𝑃̅𝑘𝐻𝑘

𝑇 + 𝑅𝑘)
−1

 (25) 

 

Finally, the measurement update was as follows: 
 

 Χ̅𝑘 = Χ̅𝑘 + 𝐾𝑘𝑦𝑘 (26) 

   

 𝑃𝑘 = (𝐼 − 𝐾𝑘𝐻𝑘)𝑃̅𝑘 (27) 

 

4. SCENARIO 

User and Satellite Trajectory  

Reasonable assumptions were made for choosing the 

satellites that would be available during a crewed Lunar their 

transfer orbit. Included was the Gateway and the Lunar Relay 

Satellite (LRS). Access between the Human Landing System 

(HLS) and each satellite and the reference station were 

calculated. The switch between the use of either MCDL and 

JDR-LOC schemes was dependent on access and range 

between the user reference station. 

 

Human Landing System (HLS)—The HLS was assumed to 

undock from the Gateway at a point past the Gateway’s 

apolune. Once undocked, the HLS would be on a transfer 

orbit on route to an insertion into a 100 km parking orbit 

(Figure 2). The HLS is assumed be able to communicate with 

multiple entities simultaneously, enabling two way ranging 

and Doppler from multiple satellites.  
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Because there is an orbit maneuver in the HLS’s trajectory 

(circularizing the transfer orbit ellipse at 100 km), it was 

assumed to be an instantaneous delta-V maneuver. Thus, the 

true velocity had a discontinuity and therefore the 

acceleration was extremely large at a single timestep. When 

simulating the accelerometer measurements this acceleration 

spike was kept to ultimately ensure the correct change in 

position.  

South Pole Reference Station (REF)—The reference station 

was assumed to be static on the south pole of the Moon. This 

reference station could be anything from a simple monument 

to a Lunar habitat; as long as the station can receive and 

transmit to the satellites and the HLS. The transmitting range 

of the reference station was assumed to be 5000 km. 

Additionally, the location of the reference station was 

assumed to be very well known.  

When the HLS had access to the reference station and was 

within the range of 5000 km, DBAN switched to the JDR-

LOC scheme instead of MCDL.  

Lunar Relay Satellite (LRS)—The LRS is an elliptical 12 

hour frozen orbit around the Moon [6]. The LRS is assumed 

be able to communicate with multiple entities 

simultaneously, enabling two way ranging and Doppler on 

the user and the reference station. 

Gateway (GTW)—The Gateway is 7 day near-rectilinear halo 

orbit (NRHO) around the Moon. The GTW is assumed be 

able to communicate with multiple entities simultaneously, 

enabling two way ranging and Doppler on the user and the 

reference station. 

 

Figure 2: HLS, LRS, and Gateway Trajectories 

 

 

5. SIMULATION SETUP 

Satellite ephemeris, satellite velocity, Doppler 

measurements, and pseudorange measurements were 

required in both JDR schemes. The true measurements were 

calculated with the true locations and velocities of each 

satellite and the reference station. These measurements and 

the satellite ephemeris and velocity were then corrupted with 

Gaussian error (Table 1) before their input into the JDR 

schemes. A new Gaussian noise value was calculated for each 

axis at each timestep.  

 

Table 1: 1σ Gaussian Error Values 

Error Type Value 

Satellite Ephemeris Vector (3D) 5 m 

Satellite Velocity Vector (3D) 1 mm/s 

Pseudorange Measurement 5 cm 

Doppler Measurement 0.00075 Hz 

Surface Constraint 10 m 

 

The Doppler measurements of each communication link was 

calculated with a K-Band carrier frequency of 18 ∗ 109 Hz. 

These measurements were taken at 1 Hz; with one 

measurement per satellite, per second. 

 

Simulation of IMU Data  

Along with the JDR measurements, IMU measurements were 

required. To simulate these measurements, the derivative of 

the true velocity of the HLS was calculated and stored as the 

corresponding acceleration. Additionally, the true rotation 

vectors between each timestep of the body frame of the HLS 

were used to calculate the angular velocities. These 

measurements were sampled at 10 Hz.  

 

These true accelerations and angular velocities were 

corrupted based off of the characteristics of a navigation 

grade IMU (Table 2).  

 

Table 2: Navigation Grade IMU Parameters 

Device Parameter Value 

Gyroscope 

Measurement Range 400 deg 

Resolution 0.001 deg/√hr 

Constant Bias 0.01 deg/√hr 

Random Walk 0.005 deg/√hr 

Accelerometer 

Measurement Range 10 g 

Resolution 50e-6 g 

Constant Bias 500e-6 g 

Noise Density 10e-6 g/√hr 

 

6. RESULTS 

With all of the corrupted measurements and satellite data 

ready, the simulation was performed with the DBAN 

architecture. Due to the stochastic nature of the simulation 

there exist variations in results. Including a Monte Carlo 

analysis to create a distribution of error is dictated in future 

work. 
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A baseline error was created by running the simulation 

without the JDR schemes. This preliminary run was therefore 

performed with dead reckoning – only reliant on the IMU 

measurements. This was depicted in gray in the Log plots 

(Figure 3 and 4). 

Position Error 

After using DBAN to propagate and actively filter 

approximately 13 hours of integration, the final positioning 

error was approximately 8 km (Figure 3). Although this may 

seem like a large amount, it is miniscule compared to the 

baseline error of approximately 10,000 km.  

Also described at the top of Figure 3 is the timeline of satellite 

and reference station access vs. use of absolute or relative 

JDR schemes throughout DBAN. The utilization of JDR-

LOC is short in this case due to the limited transmission range 

of the reference station. However, the JDR-LOC scheme 

would be heavily used during and after landing.  

The start of the first orbit was aligned with a significant jump 

in positioning error. This was due to the simultaneous loss of 

sustained satellite access and a dynamic change to a new 

orbit. However, once the filter had become accustomed to the 

new dynamics, the error began to fall. Additionally, error was 

further decreased during intervals utilizing JDR-LOC.  

Velocity Error 

Again, it was clear that DBAN had outperformed dead 

reckoning by multiple orders of magnitude (Figure 4). 

However, there was an spike in the velocity error at the start 

of hour 12. This was due to the discontinuity in velocity that 

was caused by the simplifications in orbit maneuvers 

(discussed in “4. Scenario”).  

7. CONCLUSIONS 

With an IMU sampling rate of 10 Hz and a measurement 

instance rate of 1 Hz over 13 hours of integration, the DBAN 

system was able to maintain errors under 10 km. For the first 

10 hours, errors were consistently under 1 km, implying that 

continuous use of DBAN over multiple orbits without 

maneuvers would decrease error. The velocity error was also 

consistently under 2.5 m/s, with a spike at 12 hours that was 

caused by simplifications in the simulation (instantaneous 

delta-v for orbit insertion. However, just as with the position 

error, velocity errors were under 0.3 m/s for the first 10 hours. 

Ultimately, both were significant improvements over the 

extreme errors caused by simple dead reckoning.  
 

An area of improvement could be the use of directional 

antennas with the reference station. This would allow for a 

larger range for the reference station and therefore a larger 

utilization of the JDR-LOC scheme. Additionally, because 

this is still only in the simulation world, the epoch of the LRS 

could be moved to allow for increased access during highly 

dynamic maneuvers such as circularization of the transfer 

orbit.  
 

Only the HLS’s transfer orbit and one low Lunar orbit was 

 
Figure 3: Position Error Over Transfer and Orbit 

 

Figure 4: Velocity Error Over Transfer and Orbit 
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included in this analysis. Future work would include DBAN 

with the descent and landing onto the Lunar surface. 

Although users on the surface of the Moon have already been 

analyzed in previous work [3,4], it would be interesting to 

apply the entire DBAN system on relatively slowly moving 

surface users.  

 

Additionally, a Monte Carlo analysis would allow for a 

distribution of potential error, displaying all of the biases of 

the stochastic simulation. Finally, improved error modelling 

of the IMU would allow for accurate inertial measurements, 

while also increasing the state size. A trade will need to be 

performed to find the correct balance between them. 

 

Although this analysis was completed with the Moon, which 

has many possibilities for potential navigation architectures 

from Earth, DBAN could also be applied to other planets that 

do not have any navigational infrastructures. In a standard 

exploratory mission, a lander could be sent with an orbiter, 

undock from a parking orbit and land on the surface. Then, a 

rover could roll off of the lander and explore the region. With 

all of these components, the DBAN architecture would allow 

for accurate positioning throughout the entire EDL and 

surface navigation process. Ultimately, the DBAN system 

can be applied to a myriad of space-based navigation needs 

that require autonomous positioning with limited resources.  

 

 APPENDICES  

A.  JDR-LOC DERIVATION 

The JDR-LOC scheme is a modification of the original LOC 

scheme including ranging measurements in addition to 

Doppler measurements [4]. A review of the JDR-LOC 

scheme was provided. The visualization of the user (T), the 

reference station (R), and one of the satellites (C) is described 

in Figure 5.   

 

 

 

𝐿⃑ 𝑖
′
= [

𝑙1
𝑖

𝑙2
𝑖

𝑙3
𝑖

]       𝑢̂𝑣
𝑖 = [

𝑣1
𝑖

𝑣2
𝑖

𝑣3
𝑖

]        

𝑢̂𝑖 = [

𝑢1
𝑖

𝑢2
𝑖

𝑢3
𝑖

]       𝑃⃑ = [
𝑥
𝑦
𝑧
] 

𝑋 = [ 𝑃⃑
 

𝑐𝑡
]      𝑅 = [

𝑟1
𝑟2
𝑟3

] 

 

 

 

Figure 5: Visualization of the LOC Technique 

 𝐮̂𝐯
𝐢  is the satellite’s velocity vector, R is the reference 

station, T is the user, and C1 is the current satellite 

 

Using the Law of Cosines, a cost function can be created (28). 

This is the core cost function of the LOC scheme; the relative 

position P can be calculated from the other input 

measurements.  

 

 

𝑓𝑖(𝑥, 𝑦, 𝑧) = (
𝐿⃑ 𝑖 ∙  𝑢̂𝑣

𝑖

𝑐𝑜𝑠𝜙𝑖
)

2

+ ‖𝑃⃑ ‖
2
− 2(

𝐿⃑ 𝑖 ∙  𝑢̂𝑣
𝑖

𝑐𝑜𝑠𝜙𝑖
) (𝑃⃑ ∙ 𝑢̂𝑖)

− (
(𝐿⃑ 𝑖 + 𝑃⃑ ) ∙  𝑢̂𝑣

𝑖

𝑐𝑜𝑠𝜃𝑖
)

2

 

(28) 

 

Additionally, the pseudorange measurement’s equation is 

described as follows: 

 

 
𝑓 𝑖+𝑛(𝑥, 𝑦, 𝑧) = 

√((𝑥 + 𝑟1) − 𝑐1
𝑖)

2
+ ((𝑦 + 𝑟2) − 𝑐2

𝑖)
2
+ ((𝑧 + 𝑟3) − 𝑐3

𝑖)
2
− 𝑃𝑅𝑖 

(29) 

 

Where PR is the current satellite’s pseudorange 

measurement. For the case of two satellites, or n = 2: 

 

 
𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑅𝑎𝑛𝑔𝑒 = 𝐶𝑅𝑖 = 

√((𝑥 + 𝑟1) − 𝑐1
𝑖)

2

+ ((𝑦 + 𝑟2) − 𝑐2
𝑖)

2

+ ((𝑧 + 𝑟3) − 𝑐3
𝑖)

2

 
(30) 

   

 

𝐽(𝑥, 𝑦, 𝑧) = 

[
 
 
 
 
 
 
 
 

𝜕𝑓1
𝜕𝑥

𝜕𝑓1
𝜕𝑦

𝜕𝑓1
𝜕𝑧

0

𝜕𝑓2
𝜕𝑥

𝜕𝑓2
𝜕𝑦

𝜕𝑓2
𝜕𝑧

0

(𝑥 + 𝑟1) − 𝑐1
1

𝐶𝑅1

(𝑦 + 𝑟2) − 𝑐2
1

𝐶𝑅1

(𝑧 + 𝑟3) − 𝑐3
1

𝐶𝑅1 1

(𝑥 + 𝑟1) − 𝑐1
2

𝐶𝑅2

(𝑦 + 𝑟2) − 𝑐2
2

𝐶𝑅2

(𝑧 + 𝑟3) − 𝑐3
2

𝐶𝑅2 1]
 
 
 
 
 
 
 
 

 
(31) 

 

Finally, the surface constraint equation is as follows: 

 

 𝑆𝐶 = 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡  

 
𝑓𝑖+2𝑛(𝑥, 𝑦, 𝑧) = 

(𝑥 + 𝑟1)
2 + (𝑦 + 𝑟2)

2 + (𝑧 + 𝑟3)
2 − 𝑆𝐶 ∗ 𝑆𝐶

  

(32) 

 

And the respective updated cost functions and Jacobians with 

only two satellites (n = 2): 

 

 𝑓(𝑥, 𝑦, 𝑧) (33) 

   

 𝐽(𝑥, 𝑦, 𝑧) (34) 
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𝑓(𝑥, 𝑦, 𝑧) =

[
 
 
 
 
 
 
 
 
 
 

(
𝐿⃑ 1 ∙  𝑢̂𝑣

1

𝑐𝑜𝑠𝜙1
)

2

+ ‖𝑃⃑ ‖
2
− 2(

𝐿⃑ 1 ∙  𝑢̂𝑣
1

𝑐𝑜𝑠𝜙1
)(𝑃⃑ ∙ 𝑢̂1) − (

(𝐿⃑ 1 + 𝑃⃑ )  ∙  𝑢̂𝑣
1

𝑐𝑜𝑠𝜃1
)

2

(
𝐿⃑ 2 ∙  𝑢̂𝑣

2

𝑐𝑜𝑠𝜙2
)

2

+ ‖𝑃⃑ ‖
2
− 2(

𝐿⃑ 2 ∙  𝑢̂𝑣
2

𝑐𝑜𝑠𝜙2
)(𝑃⃑ ∙ 𝑢̂2) − (

(𝐿⃑ 2 + 𝑃⃑ )  ∙  𝑢̂𝑣
2

𝑐𝑜𝑠𝜃2
)

2

√((𝑥 + 𝑟1) − 𝑐1
1)

2
+ ((𝑦 + 𝑟2) − 𝑐2

1)
2
+ ((𝑧 + 𝑟3) − 𝑐3

1)
2
+ 𝑐𝑡 − 𝑃𝑅1

√((𝑥 + 𝑟1) − 𝑐1
2)

2
+ ((𝑦 + 𝑟2) − 𝑐2

2)
2
+ ((𝑧 + 𝑟3) − 𝑐3

2)
2
+ 𝑐𝑡 − 𝑃𝑅2

(𝑥 + 𝑟1)
2 + (𝑦 + 𝑟2)

2 + (𝑧 + 𝑟3)
2 − 𝑆𝐶2 ]

 
 
 
 
 
 
 
 
 
 

, 𝐽(𝑥,𝑦, 𝑧) =

[
 
 
 
 
 
 
 
 
 
 
 

𝜕𝑓1

𝜕𝑥

𝜕𝑓1

𝜕𝑦

𝜕𝑓1

𝜕𝑧
0

𝜕𝑓2

𝜕𝑥

𝜕𝑓2

𝜕𝑦

𝜕𝑓2

𝜕𝑧
0

(𝑥 + 𝑟1) − 𝑐1
1

𝐶𝑅1

(𝑦 + 𝑟2) − 𝑐2
1

𝐶𝑅1

(𝑧+ 𝑟3) − 𝑐3
1

𝐶𝑅1
1

(𝑥 + 𝑟1) − 𝑐1
2

𝐶𝑅2

(𝑦 + 𝑟2) − 𝑐2
2

𝐶𝑅2

(𝑧+ 𝑟3) − 𝑐3
2

𝐶𝑅2 1

2(𝑥+ 𝑟1) 2(𝑦+ 𝑟2) 2(𝑧+ 𝑟3) 0]
 
 
 
 
 
 
 
 
 
 
 

 

 

B.  MCDL DERIVATION 

The MCDL scheme is a modification of the original CDL 

scheme including ranging measurements in addition to 

Doppler measurements. 
 

The doppler count measurement along with the transmitted 

frequency can be used to solve for the range rate of the 

satellite, where a is the line of sight between the satellite and 

the user. 
 

 𝐷𝑜𝑝𝑝𝑙𝑒𝑟𝐶𝑜𝑢𝑛𝑡 = 𝑓𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 − 𝑓𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑  (35) 

   

 𝑓𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 = 𝑓𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑 (1 −
𝑉𝑠𝑎𝑡

𝑖 ∙ 𝑉̂𝑎
𝑖

𝑐
) (36) 

   

 𝑅𝑎𝑛𝑔𝑒𝑅𝑎𝑡𝑒 = −𝑐 ∗
𝐷𝑜𝑝𝑝𝑙𝑒𝑟𝐶𝑜𝑢𝑛𝑡

𝑓𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑
 (37) 

 

This range rate, along with the satellite’s velocity vector, can 

be used to calculate the angle between the satellite’s velocity 

vector and the line of sight vector from the satellite to the 

user: 

 

 
𝑅𝑎𝑛𝑔𝑒𝑅𝑎𝑡𝑒 = 𝑝𝑟𝑜𝑗𝑎̂𝑖

𝑉𝑠𝑎𝑡
𝑖 = 

‖𝑎̂𝑖‖ ∗ ‖𝑉𝑠𝑎𝑡
𝑖 ‖𝑐𝑜𝑠𝜃 

(38) 

   

 𝑐𝑜𝑠𝜃 = −
𝑅𝑎𝑛𝑔𝑒𝑅𝑎𝑡𝑒

‖𝑉𝑠𝑎𝑡
𝑖 ‖

 (39) 

 

Knowing this angle, the equation of the infinite, circular cone 

describing all possible solutions for the user’s location can be 

derived: 

 

 𝑐𝑜𝑠𝜃𝑖 =
𝑈̅ − 𝐶̅𝑖

‖𝑈̅ − 𝐶̅𝑖‖
∙ 𝑢̂𝑣

𝑖
 (40) 

 

Because a pseudorange measurement is also made, it can 

replace the term ‖𝑈 − 𝑆‖. It is assumed that the two way 

ranging can lead to no clock correction term. With the user’s 

cartesian location as 𝑈, the satellite’s cartesian location as 𝑆, 

the satellite’s cartesian velocity unit vector as 𝑢̂𝑣
𝑖 , and the 

pseudorange measurement as 𝑃𝑅 the final equation for one 

measurement’s circular cone of solutions with the length of 

the pseudorange can be derived: 
 

 𝑐𝑜𝑠𝜃𝑖 ∗ 𝑃𝑅𝑖 = (𝑈⃑⃑ − 𝐶𝑖⃑⃑ ) ∙  𝑢̂𝑣
𝑖  (41) 
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