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Nomenclature

C, static moment coefficient

G, local intercept of static moment curve

C,. local slope of static moment curve

C,. dynamic moment coefficient

Cr tangential force coefficient

Dy parachute reference diameter

D, parachute projected diameter

g acceleration due to gravity

Ky apparent inertia coefficient

m mass of the parachute canopy

Moo moment due to canopy aerodynamics

O local dynamic pressure at the canopy

R distance from the ball joint to the canopy center of mass
R, distance from the ball joint to the canopy center of pressure
R, distance from the ball joint to the canopy vent

So parachute reference area

V. wind velocity at the canopy

Vi wind velocity at the canopy corrected for canopy rotation
v, velocity of the canopy tangent to its arc of motion

X,z wind tunnel frame coordinates (x streamwise, y lateral, z vertical)
a angle of attack

ag total geometric angle

ar total angle of attack

B sideslip angle

Aa, AB dynamic contribution to the angle of attack and sideslip angle, respectively
y geometric angle between ¥, and V,

] clock angle (angle from vertical of wind tunnel axis projected onto yz-plane, positive clockwise)
P freestream air density

6 vy geometric pitch and yaw angles, respectively

Q magnitude of the angular velocity of the canopy
Subscripts

v location of the canopy vent

0 motion in the pitch plane

Y motion in the yaw plane

trim trim total angle of attack

Superscripts

parachute body axes

Acronyms

BLDT balloon launched decelerator test program
CFD computational fluid dynamics

DGB disk-gap-band

DS disksail

LDSD low density supersonic decelerator

MSL mars science laboratory

MER mars exploration rover

NFAC national full-scale aerodynamics complex
PEPP planetary entry program

PIA parachute industry association

RMS root mean square

RS ringsail



SHAPE supersonic high-altitude parachute experiment

SPED supersonic planetary entry decelerator program
SPTT subsonic parachute technology task

SS starsail

TDT transonic dynamics tunnel

I. Introduction

Parachutes designed to decelerate robotic payloads at Mars experience the unique combination of high Mach
number and low-density inflation conditions.' The first parachute tests conducted at conditions pertinent to
Mars entry were wind tunnel tests performed by J. D. Maynard, who tested both rigid and flexible parachute models
at supersonic, high earth-altitude conditions similar to those achieved during Mars entry.” Many important results
were observed from these tests including the effects of Mach number and canopy porosity on the aerodynamic
stabilit};4and drag of the parachute. Later wind tunnel tests conducted at NASA confirmed and expanded these
results.”

After the early wind tunnel tests, NASA conducted a series of supersonic, high-altitude flight tests in the 1960’s
and 1970’s called the Planetary Entry Program (PEPP), Supersonic Planetary Entry Decelerator Program (SPED),
and the Supersonic High-Altitude Parachute Experiment (SHAPE). These tests were designed to increase the
capabilities of supersonic parachutes and provide the foundation for future missions to Mars. High altitude tests
involved either lofting the parachute and payload to high altitudes via a balloon and then accelerating the system to
the test velocity using rockets or launching the system on a sounding rocket and deploying the parachute at the
desired altitude and velocity.™® A total of sixteen such tests were performed on disk-gap-band (DGB), ringsail, and
cross parachutes between Mach numbers of 1.1 and 3.3 and dynamic pressures of 5.9 and 20.3 pounds per square
foot.”' These tests provided important information about drag, stability, and inflation characteristics versus Mach
number for parachutes in Mars flight-relevant conditions.”*

Subsequent parachute testing for Mars applications was primarily conducted to qualify the parachute decelerator
systems of upcoming Mars landers. The largest of these was during the development of the DGB parachute
decelerator for the Viking mission in 1975. The Viking parachute qualification test program involved wind tunnel
testing as well as low-altitude drop tests and high-altitude flight tests to establish the parachute drag and stability
performance, loading, and inflation characteristics. A nominal drag curve was obtained from subscale wind tunnel
testing conducted at four different facilities at Mach numbers between 0.2 and 2.6.° Following the wind tunnel
testing, a series of subsonic, low-altitude drop tests were performed to test the parachute system configuration and
loading performance.”” The drop tests involved dropping the parachute (attached to a slender forebody) from an
aircraft at 50,000 feet. The final qualification steps, known as the Balloon Launched Decelerator Test program
(BLDT), included four high-altitude flight tests similar to those from the PEPP, SPED, and SHAPE programs to
evaluate the parachute inflation, drag, and stability characteristics behind the Viking aeroshell.”® The BLDT test
program successfully demonstrated both subsonic and supersonic performance of the Viking DGB in a low-density
environment similar to Mars flight conditions as well as provided a fundamental dataset for future parachute
qualification since further flight testing proved to be prohibitively expensive.

After the Viking parachute development program, parachute testing in support of Mars exploration was
suspended for 20 years until the qualification of the Mars Pathfinder canopy. Due to scheduling constraints and the
design philosophy of ‘better, faster, cheaper,” the Mars Pathfinder team did not conduct high-altitude flight tests or
wind tunnel tests of the parachute system.” Instead, parachute development relied heavily on the Viking test results
and full-scale, low-altitude flight tests. Most aspects of the Pathfinder parachute were qualified through similarity to
the Viking design. However, the airbag landing system used for terminal descent required higher stability
performance than achievable from the Viking canopy. The additional flight tests were performed to validate the
requisite modifications to the Phoenix canopy.

The next series of Mars parachute tests were conducted prior to the Mars Exploration Rover (MER) mission. The
MER parachute test campaign was much more involved than that of the Pathfinder mission, including subscale and
full-scale wind tunnel tests and low-altitude drop tests.”* However, the MER parachute development still made
ample use of Viking heritage to avoid the costs of expensive high-altitude flight testing. In addition to the low-
altitude drop tests, structural qualification of the parachute was achieved through full-scale wind tunnel testing at the
NASA Ames National Full-Scale Aerodynamics Complex (NFAC) 80-by-120-foot test section, which provided
greater control over the test conditions.’’* Of particular interest to the current investigation were the subscale wind
tunnel tests in the NASA Transonic Dynamics Tunnel (TDT), performed to asses the aerodynamics and drag of
various DGB canopies.® In general, experimental determination of parachute aerodynamics is difficult because they



are highly flexibly structures, have complex flow interactions, and exhibit apparent mass effects. The MER subscale
wind tunnel testing was able to characterize some these effects by holding a textile parachute at the vent and rotating
the parachute-payload system through a range of angles of attack. This testing was thus able to resolve parachute
aerodynamic and drag curves (Cy;, Cy, and Cr) as functions of angle of attack. These curves have since served as the
basis dataset for Mars parachute modeling for all subsequent US missions.

In 2004, JPL performed the first parachute technology development program since the PEPP, SPED and SHAPE
supersonic flight tests.”® The Subsonic Parachute Technology Task (SPTT) conducted four high-altitude balloon
drop tests to qualify a subsonic ringsail parachute for future Mars missions.’””® The SPTT parachute was designed to
be a subsonic main canopy, deployed by the supersonic Viking canopy. Therefore, balloon drop tests were not
required to accelerate the parachute supersonically, which greatly reduced the test program costs. Unfortunately, due
to reefing and balloon malfunctions, none of the tests were successful and the second-stage ringsail parachute was
not used on subsequent missions.

Parachute testing for the Phoenix Mars Scout mission was less intensive since it was able to land using the
Viking canopy.” Ground testing and low-altitude drop testing were conducted for qualification of the parachute but
wind-tunnel and flight tests were not required since the heritage Viking data applied directly to this canopy.

The most recent mission to Mars, Mars Science Laboratory (MSL), is reaching the boundary of what can be
landed using the Viking heritage technology. As a result, qualification of the MSL DGB involved a number of
different wind tunnel tests as well as validation using Computational Fluid Dynamics (CFD).* Full-scale and
subscale wind tunnel testing was performed to validate the strength, drag and stability of the canopy while Viking
heritage test results were used to qualify the canopy inflation and supersonic performance since high-altitude flight
tests were infeasible.*** In addition, to supplement these datasets, supersonic wind tunnel testing of rigid and
flexible subscale models was conducted along with CFD simulations to predict the MSL canopy supersonic
performance.”**

The current investigation is part of the Low Density Supersonic Decelerator (LDSD) project, developing a next-
generation supersonic parachute to be considered for use on future Mars missions.* Subscale wind tunnel testing is
being performed to estimate the aerodynamic and drag curves of various supersonic canopy designs. Due to the
large parachute diameter, rocket sled testing will be used to assess the canopy strength. Finally, supersonic-flight
tests similar to those performed during the pre-Viking development programs will be conducted, where the
parachute system is flown on a balloon and then accelerated to the supersonic inflation conditions by a rocket motor.
These tests will broaden the heritage data sets, particularly the supersonic flight test data, and allow for the
continued development of heavier, more advanced robotic missions to Mars.

I1. Approach and Test Setup

A. Approach

A second portion of the MER TDT test involved using a free flying parachute to determine drag performance.”
Schoenenberger et al. used video data from a downstream camera to extract the parachute stability coefficients.”’ By
tracking the location of the canopy vent in each video frame and transforming those data into a two-dimensional
position in space, the total angle of attack and its first and second derivatives could be computed. These values were
subsequently used in a parameter estimation methodology to calculate the static and dynamic aerodynamic
coefficients at a given total angle of attack. The aerodynamics calculated for the parachute correlated well with the
static test results for the same canopy.”® This parameter estimation methodology, outlined in Ref. 50, is well suited
to large-scale parachute testing and is the primary method used herein to resolve the parachute stability
characteristics.

Since conversion of video data into parachute aerodynamics was not a primary objective of the TDT experiment,
several approximations had to be made in order to compensate for the lack of some pieces of data. In particular, the
use of a single downstream video camera caused ambiguity in the parachute location and the rapid motion of the
canopy relative to the video frame rate induced error in the calculation of the angular rates and accelerations. The
full-scale testing that formed the basis for the present investigation attempted to increase the knowledge of the
parachute position by utilizing stereo photogrammetry and improve the calculation of angular derivatives by
acquiring data at 60 Hz.

B. Canopy Description

A total of 4 different canopy types and a total of 13 different configurations were tested.”’ Canopies flown were
sub-scale (approximately 35% diameter of canopies to be flight tested) with representative gore and ring structures.
All test articles had a nominal diameter (D) of 11.8 m (38.8 ft) and a suspension line length of 1.7D,. The majority



of the canopies were constructed from PIA-C-44378 “F-111” nylon broadcloth, which has a fabric permeability of
less than 5 ft'/min/ft>. For the canopies constructed from F-111 nylon, the total porosity is set equal to the geometric
porosity since the contribution from fabric porosity is assumed to be negligible.

Two main parameters were varied in the test articles: the magnitude of the geometric porosity and the
distribution of the geometric porosity. Generally, higher drag canopies tend to be less stable; thus any improvement
in stability from an increase in geometric porosity is expected to be coupled with a reduction in drag. However, it is
hypothesized that intelligent modifications to the geometric porosity distribution can balance the increase in stability
with a minimal reduction in drag. To accomplish this goal, sail panels were removed from rings located at various
distances from the canopy skirt to determine if it was advantageous to preference the geometric porosity distribution
near or away from the skirt. In addition, different circumferential porosity distributions were investigated by
removing either a full ring or every other panel. (Note that for the ringsail variants, higher number rings are located
further away from the canopy apex, or closer to the canopy skirt). The following designs were tested:

1) Disk-gap-band: DGB canopies are constructed by separating a flat circular disk and a cylindrical band of
fabric by an open gap. The DGB canopy serves as the reference by which the next-generation parachutes
are assessed. Two configurations were tested:

a. DGB-1: a flight spare of the parachute used for the Mars Phoenix Scout lander mission,
constructed using MIL-C-7020 Type I nylon, which has a permeability of approximately 100
ft’/min/ft’. For this canopy, the contribution from fabric porosity is non-negligible and the total
porosity was calculated to be between 12-18%.

b. DGB-2: a replica of the Phoenix DGB constructed using F-111 nylon. This test article is shown in
Fig. la.

2) Ringsail: ringsail parachutes are modifications of ringslot parachutes that add fullness to the fabric panels
and allow for more airflow through the canopy. Five configurations were tested:

a. RS-0: a subscale version of a ringsail parachute tested in the SPTT program.’’ A picture of this
test article is shown in Fig. 1b.

b. RS-1: the RS-0 canopy with two-thirds of ring 19 removed.

c. RS-2:the RS-0 canopy with 27% of rings 17, 18 and 19 removed.
d. RS-3: the RS-0 canopy with all of ring 19 removed.

e. RS-4: the RS-0 canopy with all of rings 18 and 19 removed.

3) Disksail: the disksail canopy is a modification of the Ringsail canopy that replaces the first ten rings around
the canopy vent with a flat circular disk. The goal of this configuration was to decrease geometric porosity in
the crown of the parachute to increase drag and allow that porosity to be redistributed to other portions of the
canopy. Five configurations were tested:

DS-1: the disksail as described above and as shown in Fig 1c.

DS-2: the DS-1 canopy with half of ring 11 removed.

DS-3: the DS-1 canopy with all of ring 11 removed.

DS-4: the DS-1 canopy with all of ring 11 and half of ring 17 removed.

e. DS-5: the DS-1 canopy with all of ring 11 and half of rings 17 and 18 removed.

4) Starsail: the starsail canopy is a modification of the Ringsail where multiple gores are replaced with a solid
material creating a star pattern. The goal of this configuration is to change how the geometric porosity is
distributed throughout the canopy to retain drag and obtain desirable stability characteristics. Portions of
rings 17-20 were removed to obtain a geometric porosity approximately equal to the DGB. One starsail
configuration was tested and is shown in Fig. 1d.

/ao o

(a) disk-gap-band (b) ringsail (c) disksail (d) starsail

Figure 1. Primary canopy configurations used in NFAC testing.



Each canopy was equipped with fourteen retro-reflective targets on both sides of
the canopy that appeared in high contrast against the test article and allowed for the
canopy to be tracked by the photogrammetry system described in Section II.C.
Fiducial target material was carefully selected to maximize light return across a
relatively broad range of incidence angles. Targets were located in three concentric
rings around the vent with coded target patterns on the outer-most ring to resolve
parachute roll about its axis of symmetry. The target pattern is shown in Fig. 2.

C. Test Conditions

Wind tunnel testing was performed at the National Full-scale Aerodynamics
Complex 80- by 120-foot (80x120) Wind Tunnel at the NASA Ames Research
Center. Parachutes were fixed to a strut at the center of the test section via a load arm
and ball joint. Mounted to the front of the strut was an aeroshell simulator, intended to
approximate the wake generated by the forebody that will be present during flight. This aeroshell simulator was
fixed to the strut and was not allowed to move with the parachute. A diagram of the test setup can be seen in Fig. 3.

Figure 2. Retro-reflective
target pattern on each
test article.
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Figure 3. Planview of the wind tunnel test section.

The canopies were tested at nominal freestream wind velocities of approximately 15 and 25 kts, which were
dictated primarily by the NFAC operating conditions. Since testing was conducted at sea level density, the dynamic
pressures were approximately 0.8 and 2.5 psf, respectively. These values are lower than typical parachute operating
dynamic pressures at Mars (7.3 to 15.7 psf), which was acceptable since this test was designed to determine relative
stability and drag performance between canopies, not loading capabilities. Pressure probes measured the dynamic
pressure during the test and were located both upstream of the strut to measure the freestream conditions and
downstream of the canopy skirt to measure blockage effects.

D. Photogrammetry System

1. Photogrammetry Setup

The purpose of the photogrammetry system was to accurately measure the position of the test articles in three-
dimensional space such that their static and dynamic stability characteristics could be estimated. The
photogrammetry hardware consisted of three high-resolution (2352x1728 pixels) synchronized cameras, two
downstream of the parachute on the floor of the test section diffuser and one upstream of the parachute mounted on
the strut just below tunnel centerline. The locations of the cameras and the choice of lenses were determined using
virtual-imaging software to predict the camera views and ensure that the canopies would be visible over the
expected range of positions.”” The two downstream cameras were placed symmetrically near the corners of the test
section to provide stereo imaging of the outer surface of the canopy. They were located sufficiently far downstream
to be able to view the retro-reflective targets on the canopy at up to 20° total angle of attack in any direction. The
upstream camera was mounted just below the riser attachment and provided a full view of the inside surface of the
canopy. The cameras acquired images at 60 Hz — more than ten times the oscillation frequency of the parachute,



thereby eliminating any aliasing of the canopy motion. High-intensity lamps were placed next to each camera to
maximize the light output of the retro-reflective targets on the canopy and minimize uncertainty in position tracking.
The photogrammetry configuration relative to the overall test set-up can be seen in Fig 3. A synchronized view from
each of the photogrammetry cameras is shown in Fig. 4.

(c) View from strut camera

(a) View from west camera

Figure 4. Synchronized images from the three photogrammetry camera views. Stereo photogrammetric
measurements were computed using the east and west views.

2. Photogrammetry Calibration

The biggest challenge in making photogrammetry measurements on such a large scale was calibrating the
cameras. Two independent calibration methods were used. The first and simplest method was Direct Linear
Transformation, which required imaging at least six targets in the region of interest whose spatial coordinates were
known.” The second method required measuring the “internal orientation” of each camera (focal length, lens
distortion corrections, and location of the optical axis in the image plane) before the cameras were mounted. This
was accomplished by acquiring images with each camera of a planar array of known targets. These targets were
applied in a rectangular grid to one sidewall of the test section. Then, after the cameras were mounted in their final
positions and pointed, the spatial positions and point angles of the cameras (“external orientation”) were computed
from images of a set of targets in the fields of view whose spatial coordinates were known.

Both calibration methods allowed computation of the spatial coordinates of the targets. Unlike the single-camera
measurements used in Ref. 50 and previous photogrammetry measurements of parachutes in the 80x120,>* the stereo
imaging method used for this test allowed for accurate three-dimensional tracking of the vent without assuming a
constant distance from the canopy to the point of rotation.

3. Photogrammetry Validation

Uncertainty in the photogrammetry system was determined by comparing the camera measurements of
verification targets against their known coordinates. Measurements were made with the targets supported on a lift at
three different heights and three different lateral locations at the streamwise position of the canopies. The relative
error of the photogrammetry measurements was determined by translating and rotating the measured coordinates of
the targets to minimize the root mean square (RMS) difference with the true coordinates. The resulting minimum
RMS error was less than half of an inch. The uncertainty in the absolute position of the targets was estimated
directly by measuring to known reference points. Based on these measurements, the uncertainty in absolute position
was less than one inch. These uncertainty estimates are consistent with the expected uncertainty due to a one-pixel
error in locating targets in the images. The spatial position of the vent was calculated using both the Direct Linear
Transformation and the internal/external calibration methods, resulting in similar coordinates. The internal/external
calibration method was ultimately selected to generate all of the data herein.

III. Data Analyses

A. Canopy Vent Coordinates to Geometric Angles

Once the position history of the canopy was determined, the coordinates of the vent were converted into
geometric angles, which are more convenient for describing the rotational motion of the parachute. Geometric
angles are defined here as angles that are dependent only on the parachute’s position with respect to the wind tunnel
and do not take into account the parachute’s motion with respect to the wind. A diagram showing the wind tunnel
and parachute reference frames as well as the relevant geometric angles is shown in Fig. 5. The wind tunnel frame is
denoted as {x, y, z} and the parachute frame is denoted as {x’, y’, z’} with the origin located at the ball joint, The
parachute angular velocity is defined as £2. The parachute and wind tunnel frames are related by a series of Euler



rotations, first by the pitch angle () about the y-axis, , £
followed by the yaw angle (w) about the z’-axis. The full V.
rotation matrix can be seen in Eq. (1).
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Two other geometric angles that are useful to define are the total geometric angle (o) and clock angle (¢). The
total geometric angle is the total angular distance between the parachute x -axis and the wind tunnel x-axis. Note that
the total geometric angle is not the same as the total angle of attack, which will be defined later. The clock angle
describes the parachute position in the yz-plane when looking upstream. It is defined to be ¢ = 0 when y, =0 and z, >
0 and ¢ = &/2 when z, = 0 and y, > 0. The total geometric angle and the clock angle can be calculated via Egs. (5)
and (6).

ag; =cos” (%‘v) (&)
¢=tan_l(sin(?cosw) ©)
siny

1. Calculating the Total Angle of Attack and its Derivatives
The total angle of attack can be expressed in terms of the traditional angle of attack and sideslip angle as in Eq.
(7). Note that the total angle of attack is always positive.

a, =cos™ [cosacos /J’] @)

If the canopy is stationary, then the angle of attack is equal to the pitch angle, the sideslip angle is equal to the
yaw angle, and the total angle of attack is equal to the total geometric angle. However, if the parachute is moving,
then the rotational motion alters the local wind velocity at the canopy and introduces dynamic contributions
(Ao, ApP) to the geometric pitch and yaw angles, as in Egs. (8).

a=0+Aa 8.1
B=1+Ap (8.2)

Calculating the aerodynamic coefficients requires knowledge of the first and second derivatives of the total angle
of attack with respect to time, which can be calculated using finite differencing. However, since o is always
positive, its value can change very rapidly around zero and create non-smooth derivatives. An expression for the



first and second derivatives of the total angle of attack was developed that only requires finite differencing of the
Euler angles 6 and 1. These angles have both positive and negative magnitudes and vary smoothly in time, making
them well suited for differentiation via finite differencing. The first and second derivatives of the total angle of
attack are given in Egs. (9) and (10). Additional details regarding the calculation Ac, A, and their respective
derivatives are given in Appendices A and B.
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B. Local Wind Velocity at the Canopy

The total wind velocity at the canopy is the vector sum of the freestream wind velocity (V,.) and the wind
velocity tangent to the canopy’s arc of motion (V,). Note that the wind velocity tangent to the canopy’s arc of
motion is equal and opposite to the tangential velocity of the canopy. Thus, it is subtracted from the V. as in Eq.
(11.1). The total wind velocity (V,,) is the magnitude (L,- norm) of the total wind velocity vector (V) given in Eq.
(11.2).

V, =V, -V, (11.1)

Y . .
V= (Vo-k,) +35+ 2, (112)

The velocity of the canopy tangent to its arc of motion can be expressed in terms of the Euler angles (see Fig. 5)
as in Eq. (12). The canopy velocity is taken at the center of pressure (R,).

X, —Osinfcosy —ycosBsiny
Vt = y('p = RL'[) l/.jcosw (12)
Z ~0cosfcosy +ysin@siny

C. Calculating the Aerodynamic Coefficients

The aerodynamic moments on the parachute are represented as a static moment, dependent on the parachute’s
total angle of attack, and a dynamic moment, dependent on the instantaneous rate of change of the total angle of
attack. The static moment coefficient is locally linearized at each total angle of attack into the pitch stiffness
coefficient (C,, ) and the moment coefficient at 0° total angle of attack (C,, ), as in Eq. (13.1). The resulting

expression for the total aerodynamic moment is given in Eq. (13.2).
¢, =C,o+C, (13.1)

Maem = QWS()D() Cm“ zl)ToaT + Cma aT + Cmo (13 2)

w

The angular behavior with respect to the wind can be used to determine the canopy stability coefficients using
parameter estimation.”® Given that the parachute is an axisymmetric body, the attitude history can be decomposed
into motion in two directions - in the same direction as the total angle of attack and in the direction orthogonal to the
total angle of attack. For motion in the same direction as the total angle of attack, the rotational equation of motion
of the parachute in a wind tunnel can be expressed as in Eq. (14), which accounts for forcing due to aerodynamic
moments and gravity. /,, is the moment of inertia of both the canopy and the apparent mass, m is the mass of the
canopy only, and g is the gravitational acceleration. Equation (14) can be rearranged to explicitly solve for the
aerodynamic moment coefficients as seen in Eq. (15).
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Equation (15) was simultaneously solved across a small range (or bin) of total angles of attack in order to obtain
a set of coefficients that are representative of the parachute behavior within that ar range. This bin was then
incrementally stepped across the full range of o data in order to obtain a relatively smooth curve relating the
moment coefficients to the total angle of attack. The resultant coefficients represent the average total angle of attack
within each bin. The use of a larger bin size will result in a smoother curve, but will tend to bias the coefficients
towards those angles of attack that occurred the most. The increment at which the bin is set controls the density of
points along the curve. The upper and lower bounds of the moment curves are limited by the angles that were
traversed by the parachute during testing and the bin size selected.

D. Discussion of the Apparent Mass

Parachute aerodynamics are often hard to analyze because of complex interactions with the surrounding
flowfield. For example, when a parachute is moving in a fluid, any external force that accelerates the parachute must
also accelerate the fluid in and around the canopy. This fluid acceleration can be thought of as an additional mass of
the system and is often referred to as the apparent mass. The effect of the apparent mass is difficult to isolate since it
is dependent on the fluid density, canopy size, canopy porosity, flow compressibility, and flow velocity. The
apparent mass is often mathematically described as a 6x6 tensor with values based in both potential flow theory and
empirical data.”

Ibrahim performed a series of experiments to quantify the apparent inertia of rotating hemispherical, flat circular,
guide surface, and ribbon canopies.’® For each of the canopies, he determined a non-dimensional coefficient of the
apparent moment of inertia for rotation around the canopy centroid as well as rotation around the canopy confluence
point. The apparent inertia coefficient was non-dimensionalized with respect to a sphere of air of diameter equal to
the projected diameter of the canopy as seen in Eq. (16). Apparent inertias ranged from approximately 31% of a full
sphere of air for a hemispherical canopy to 9% for a ribbon canopy. Uncertainty in these inertias was not
documented.

ky = Ly (16)
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Given the relatively small weight of the canopies in this test and the high-density air at sea-level, the apparent
inertia about the ball joint dominates the /,, term in the present analysis. Since the gravity term in Eq. (15) is much
smaller than the aerodynamics term, the moment coefficients are approximately proportional to the apparent inertia.
As a result, apparent mass acts as a scaling factor on the calculated moment coefficients. The results of this

investigation are provided given the current best estimate of the apparent inertia.

IV. Results

Photogrammetric data was acquired for each canopy, although only a representative set of data are presented
herein. For discussion purposes, Figs. 6-8 are presented for the RS-1 canopy at the 25 kt test condition. However,
similar trends were also seen for the other canopies and conditions.

A. Two-Dimensional Canopy Motion

Figure 6 shows a two-dimensional trace of the canopy motion in the wind tunnel yz-plane (plane perpendicular to
the wind tunnel centerline). The dots along the curve represent data at 3 Hz and illustrate that the 60 Hz data rate
provided a sufficiently dense sampling of the canopy motion. It can be seen that the parachute stays approximately



within a circle of radius twenty feet, centered near the tunnel 30
centerline. In addition, the parachute covers the entire interior of the
circle fairly uniformly. The canopy never develops a circular coning
motion near its trim angle of attack. The parachute’s time-averaged
position in the y-direction is negligible, there was no tendency for it to
stay on either side of the test section. However, the average position in
the z-direction is noticeably below zero, which is attributed to gravity
acting on the canopy.

|' ° Avg Pos [0.1,-1.5]]
1

Z (ft)

B. Dynamic Versus Static Angle Contribution

The result of the total angle of attack calculation (described in
Section III.A) is displayed in Fig. 7. Figure 7a shows that the wind-
relative angles are significantly greater than the geometric angles due !
to rotation of the canopy. The mean and 95™ percentile o and oy are -39 T o 10 2 20
shown in Fig. 7b and indicate that the wind-relative angles can be Y (fo)
greater than twice the geometric angles. Figure 7b also shows that the
distribution of the angles varies considerably. This is particularly
important since the stability curves, which should be calculated based on total angle of attack, would look
significantly different if based off of the total geometric angle.

The use of wind-relative angles leads to a non-intuitive relationship between the total geometric angle and the
total angle of attack. Figure 8a shows the tangential velocity of the canopy versus the total geometric angle at each
point in the parachute trajectory. The tangential velocity is generally high at low total geometric angles and low at
high angles. Thus, the parachute momentarily stops rotating when it reaches the maximum total geometric angle and
rotates the fastest as it sweeps through the center, similar to simple harmonic motion. This means that the parachute
reaches its largest total angle of attack just after passing through the center of the test section (ag near zero). It then
reaches the lowest total angle of attack just after attaining the maximum total geometric angle, while beginning to
return to the center of the test section. In other words, the maximum and minimum total geometric angle and the
total angle of attack are approximately 180° out of phase from each other. This behavior can be seen in Fig. 8b and
is due to the impact of parachute dynamic motion on the local wind velocity.

Figure 6. Trace of the RS-1 canopy vent.
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Figure 7. Comparisons of the angular motion of the parachute when using geometric angles and wind-
relative angles for the RS-1 canopy.
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Figure 8. Comparisons between the tangential velocity and the total angle of attack profiles
to the total geometric angle for the RS-1 canopy.

C. Raw Data Reduction and Processing

The stability coefficients were determined using a bin
width of 0.5° and a bin step of 0.25°. The bin width was
chosen because there were generally over 25 points
contained within this bin size, a sufficiently large sample
size to generate representative coefficients. The bin step was

chosen to provide an adequate number of data points from =

which to reconstruct a continuous C,, curve. A plot of the
resultant C,, data for the RS-1 canopy is shown in Fig. 9
(both the blue circle and purple x symbols). These data were
fit using a polynomial that was forced to go through a C,, of
zero at 0° total angle of attack (which is typical of
axisymmetric bodies). The data appeared to exhibit an
unusually high C,, at low total angles of attack, thus some
data were excluded from the fit to obtain a reasonable C,,
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curve, which are seen as the purple x symbols in Fig. 9.Figure 9. Static moment coefficients and curve fit as

These stability estimates are used for the

relative a function of the total angle of attack for the RS-1

comparison of different canopies, although their absolute canopy. X symbols were excluded when performing

magnitudes may not be accurate due to the uncertainty in the
apparent mass value used in the analysis. This topic is
discussed further in Section IV.E.

The trim total angle of attack is the angle where the
parachute does not experience an aerodynamic moment (C,,
is equal to 0). A low trim angle of attack is desirable since it
will be less likely to introduce a destabilizing moment on the
payload and because more of the drag force will be oriented
along the centerline of the payload. For canopy RS-1, there
are two trim angles — 0° and 23° total angle of attack. The
positive moment curve slope at 0° is indicative of an
unstable trim point, where a small perturbation will force the
canopy away from the trim total angle of attack. Conversely,
the negative moment curve slope at 23° indicates a stable
trim point, where any deviation of the parachute from this
point will drive it back to the trim total angle of attack. The
magnitude of C, ~ determines the magnitude of the
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Figure 10. Dynamic moment coefficients as a
function of total angle of attack for the RS-1
canopy.
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restorative force, or how stable the parachute is at the trim total angle of attack. While a low trim total angle of
attack is always considered beneficial, it is not clear what is the best value for C,, . If moment curve slope is too

low, then the restorative force is relatively weak and the parachute may traverse large angles during descent.
However, if the moment curve slope is too large, then the parachute could potentially introduce a violent moment on
the payload if it were suddenly displaced from the trim total angle of attack due to a gust of wind or other
perturbation. Another important feature of the curve is the peak C,, value. Higher peak values could also cause
violent motion and destabilize the system. Therefore, a lower overall C,, curve is considered to be beneficial.

Figure 10 shows a plot of the pitch damping curve for the RS-1 canopy. In this case, the pitch damping
coefficient at the trim total angle of attack is less than zero; therefore, the canopy is dynamically stable at this point.
However, the curves of different canopies vary widely and there is no overall trend regarding dynamic stability at
the trim total angle of attack. To obtain a smooth curve it was necessary to increase the bin size to 1.5°. However,
the coefficient values still scatter towards lower total angles of attack. As a result, it is difficult to determine the
shape of the pitch damping curve across canopies.

D. Comparison to Prior Wind Tunnel Results

Prior to the Mars Exploration Rover missions, wind tunnel tests of various DGB parachutes were performed in
the TDT to determine their drag performance and static stability behavior.” Moment values for each canopy were
measured by constraining the parachute in a fixture that was rotated through a range of angles of attack. This data
serves as a reference for the present DGB tests.

As part of the TDT test campaign, a sub-scale version of 0.1 : : : : :
the Mars Viking DGB was flown that had a nominal ——DGB-1(NFAC) 0.8 psf
diameter of approximately 5.2 ft and was constructed from :Bii_glsggﬁ%%f ?é’;tsf
MIL-C-7020 Type III nylon. This test was run at sea-level 0,051 ,
density and a dynamic pressure of 16 psf. This canopy is
very similar to the Mars Phoenix Scout canopy (DGB-1)
flown in the present NFAC test since the Phoenix DGB gap

E0
and band heights were based on the Viking configuration “
and the fabric permeability of Type I and Type III
MIL-C-7020 nylon are similar. The two NFAC DGB-1 005 |

tests were conducted at dynamic pressures of 0.8 and 2.5

psf. Figure 11 shows the resulting C,, curves from each of

the tests. ‘ ‘
Comparison between the TDT and NFAC tests is 0 5 10 15 20 25 30

. . Total Angle of Attack (deg)

difficult because the runs were performed at very different

dynamic pressures. However, it can be seen that the trim Figure 11. Comparison of C,, curves as a function of

total angle of attack decreases with increasing dynamic total angle of attack for wind tunnel tests performed

pressure, which was similarly observed in TDT testing.* in the NFAC and the TDT.
iti 0.06 ‘ : ‘
Additionally, the peak Cm_and the g'eneral shape of the C, 0087 Iorahim Value
curves appear to change with dynamic pressure. ——0.05 LDSD Value
0.04F — Heritage Data

E. Apparent Mass Effects
Equation 16 shows that apparent inertia scales with 0.02f
nominal diameter to the fifth power (given that the distance
R, is a function of the nominal diameter). Assuming that I
the error in the apparent inertia is a constant percentage its
nominal value, error in the apparent mass model would be
significantly greater for large diameter parachutes than for
small parachutes. Uncertainty related to the apparent inertia
of the parachute canopies tested at NFAC, as stated in
Section III.D, may be one potential cause of the differing
C,, curves shown in Fig. 11. 006, 5 10 s 20
A single apparent inertia coefficient value of 0.05 was Total Angle of Attack (deg)
used to analyze all of the canopies, despite the fact that they Figure 12. C,, curves calculated using varying
had different geometric porosities and were operating at apparent inertia coefficients for the DGB-1 canopy
slightly different dynamic pressures. The dataset in Ref. 56 compared to heritage data.

—0.02f

—0.04f




does not provide enough data to intelligently select an apparent inertia coefficient that depends on geometric
porosity and dynamic pressure. The lowest apparent inertia coefficient cited in Ref. 56 was 0.087, which
corresponded to a ringslot canopy with a geometric porosity of approximately 27%. However, this apparent inertia
coefficient resulted in a C,, curve that differed significantly from the existing DGB data, as shown in Fig. 12. As
such, a value of 0.05 was used, providing a slightly better correlation with the existing DGB data.

F. Comparison Between Canopy Aerodynamics

The stability metrics for each canopy are tabulated in Table 1 along with their averaged tangential force
coefficient (Cr) and approximate geometric porosity. Desirable canopies have low trim total angles of attack, static
stability (C,, <0 ), and high averaged tangential force coefficients. (Trim @, is used here as a metric for stability

and average tangential force coefficient is used as a metric for drag since stability and drag information were not
directly available). For a next-generation canopy design to have better drag and stability performance than the DGB,
the C), curve should cross 0 at a lower angle, have a lower peak magnitude and have a higher value of averaged Cr.

Table 1. Summary of canopy stability and drag results.

Canopy gy Deserpien Geometric Trim oy Corn Averaged
Number Porosity (%) (deg) (1/deg) Cr
DGB-1 DGB with high porosity fabric 13 8 -6 x10~ 0.59
DGB-2 DGB with low porosity fabric 13 15 -9x10” 0.81
RS-0 Ringsail design tested in 2005 10 23 -6 x10” 0.99
RS-1 RS-0 without 2/3 ring 19 13 23 -8 x10” 0.90
RS-2 RS-0 without 27% rings 17, 18, 19 15 24 -7x10” 0.91
RS-3 RS-0 without ring 19 16 21 -8 x10” 0.86
RS-4 RS-0 without rings 18, 19 22 19 -11 x10” 0.77
DS-0 Disksail as built 9 23 -9x10~ 1.03
DS-1 DS-0 without 1/2 ring 11 11 19 -8x107 0.98
DS-2 DS-0 without ring 11 13 13 -15 x10” 0.92
DS-3 DS-0 without ring 11, 1/2 ring 17 16 12 -13 x10” 0.86
DS-4 DS-0 without ring 11, 1/2 rings 17, 18 19 14 -10x10” 0.82
SS Starsail as built 13 23 -5x107 0.83

1. Disk-gap-band Comparison

Figure 13 shows the static stability curves for the DGB- 02 ‘ ‘ ‘ ‘ ‘ "—baBa

1 and DGB-2 canopies at the same dynamic pressure.

While both canopies have the same geometric porosity, the 015 ]

DGB-1 has a higher total porosity (15-18%) than DGB-2

due to higher fabric permeability. Figure 13 indicates that, 0.1r

for the two DGB parachutes tested, higher fabric

permeability effectively decreases the peak C, value, the ©® 005

trim ar, and the tangential force. The TDT test was

conducted with DGB’s having two different material 0

permeabilities as well and trim ar was similarly observed

to decrease.” Since DGB parachutes have displayed — -005f

acceptable stability behavior during prior U.S. Mars

missions, the overall performance of each parachute can be 015 S 0 15 20 2 30 3 w0

determined in relation to the performance of the DGB (for Total Angle of Attack (deg)

1 ivalent stabilit ith enh .
example, equivalent stability with enhanced drag) Figure 13. Comparison of C,, curves for the DGB

2. As-built Canopy Comparisons canopies.

Figure 14 shows a comparison of the moment coefficient curves for the F-111 DGB and the as-built ringsail,
disksail, and starsail canopies. The DS-0 and RS-0 canopies have similar C,, profiles and similar trim total angles of
attack, but the disksail exhibits slightly better drag performance than the ringsail. In fact, Table 1 indicates that other
disksail canopies have a smaller trim ar and equivalent or greater tangential force than ringsail configurations with
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similar geometric porosities. Additionally, the C,, curves T—obaso
for disksail canopies tend to have a steeper slope around the —— RS-0
trim total angle of attack than for ringsails with equivalent —DS-0
geometric porosities. It is unclear why this trend occurs, but 02F S5
it was evident during testing that the disksail took a slightly
more blunt shape than the ringsail, possible due to the
presence of the flat disk in the crown. OfF 01t 1

The starsail canopy has a similar trim total angle of
attack to the RS-0 and DS-0 but has less tangential force. \
The starsail C,, curve is lower than the RS-0 and DS-0 C, 0
curves and has a relatively shallow slope at the trim total \_\
angle of attack, making it nearly neutrally stable. However, 7
given that the disksail and ringsail canopies had the same 01 ‘ ‘ ‘ ; i i
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trim total angle of attack and much higher drag, the starsail

Total Angle of Attack (deg)

is considered to be a less effective design. It should also be
noted that the unconventional design of the starsail would
have made it more difficult to manufacture than the other
two configurations. Therefore, the starsail experiment was
not pursued further than the one configuration.

Figure 14. Comparison of the C,, curves for the
unmodified canopies.

3. Ringsail Comparisons

The RS-1 and RS-2 canopies were designed to have similar geometric porosity, but with different geometric
porosity distributions. The RS-1 canopy concentrated the geometric porosity all to ring 19, where it was hoped that a
strong circumferential jet of air flowing out from the canopy would create uniform flow disruption and increase
stability (similar to the design of a DGB). The RS-2 canopy distributed the porosity evenly between rings 17, 18,
and 19, where it was hoped that the distributed porosity would induce different sized vortices and increase stability.
However, manufacturing tolerances and a rushed fabrication schedule resulted in the RS-1 and RS-2 canopies
having different geometric porosities. In general, the stability of the RS-0, RS-1, and RS-2 are similar, although the
peak value of the C,, curve is slightly different for the each canopy, as shown in Fig. 15a. In addition, the RS-1 and
RS-2 canopies produced similar tangential force coefficients, which was approximately 10% lower than the RS-0
canopy. Therefore, the change in the geometric porosity distribution around the shoulder region of the canopy had a
relatively minimal effect.
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Figure 15. Comparison of C,, curves for the Ringsail canopy modifications.

The magnitude of the geometric porosity was intentionally modified in the RS-3 and RS-4 configurations,
increasing the geometric porosity of the RS-0 canopy by approximately 60% and 120%, respectively. All of the
porosity was created in the shoulder of the parachute to determine if a larger gap would improve the stability more
than in the RS-1 and RS-2 configurations. Figure 15b shows that these changes in the geometric porosity did have a
noticeable effect and decreased the trim total angle of attack by 9% and 17% for RS-3 and RS-4, respectively.
However, the RS-3 and RS-4 canopies also exhibited a 13% and 22% decrease in the average tangential force



coefficient relative to the RS-0 canopy. In addition, neither RS-3 nor RS-4 exhibited improved tangential force and
stability behavior relative to DGB-2.

4. Disksail Comparisons

All of the alternate disksail configurations were obtained by successively removing sail panels from the DS-0
canopy. As seen in Fig. 16a, the first two modifications (DS-1 and DS-2) have the smallest increase in total porosity,
but cause the highest reductions in the trim total angle of attack relative to DS-0. Furthermore, configuration DS-2
exhibits a similar trim total angle of attack to the DGB-2 but has a significantly higher tangential force coefficient
and a slightly steeper C,, curve at the trim ar. Further increases in the geometric porosity near the shoulder of the
disksail in configurations DS-3 and DS-4 decrease the tangential force but do not significantly alter the trim
behavior from the DS-2 configuration, as seen in Fig. 16b. From these data, increasing porosity near the crown of
the disksail (as in DS-1 and DS-2) causes the greatest decrease in the trim total angle of attack for the corresponding
decrease in the tangential force.
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Figure 16. Comparison of C,, curves for the Disksail canopy modifications.

V. Conclusion

Wind tunnel testing of a wide range of parachute configurations was performed to identify relative drag and
stability behavior of canopies with different geometric porosity magnitudes and distributions. Photogrammetric
imaging of the canopies during testing was used to accurately determine the position of the canopy vent in the test
section to within one inch of uncertainty.

A parameter estimation methodology was used to extract static and dynamic moment coefficients as a function of
total angle of attack. This methodology was especially sensitive to uncertainty in the apparent inertia model. Since it
was not possible to measure the apparent inertia of the canopies, the apparent inertia was modeled based on
historical work and data correlation. Moment coefficients were statistically estimated at every 0.25° oy and the data
was fit using a polynomial. Some moment coefficients at low total angles of attack, where data was generally sparse,
were selectively excluded to obtain a better fit. Stability metrics such as the trim angle of attack and moment slope at
the trim angle were determined using these fits to aid in the comparison of the canopy configurations.

Geometric and wind-relative angles were calculated from the photogrammetry data. Due to oscillatory motion of
the canopy during testing, dynamic contributions to the aerodynamic angles were important, often dominating the
static components. This dynamic correction led to a non-intuitive total angle of attack profile.

The behavior of the ringsail, disksail, and starsail canopies were compared against the DGB. Alteration of the
geometric porosity in the shoulder region of the ringsail canopy did not yield tangential loads or stability behavior
that were more attractive than that of the DGB. Disksail configurations DS-2 and DS-3, however, exhibited
significantly greater tangential force and equivalent stability to the DGB. The starsail did not improve upon the
DGB performance.

Results were compared with existing DGB data. The overall shape of the DGB C,, curves was similar and the
trend of decreasing trim angle of attack with increasing dynamic pressure was observed independently in both tests.



However, uncertainty in the apparent mass and the effects of scaling with parachute size inhibited direct comparison
of C,, values from this investigation with past work.

Appendix

A. Calculating the Total Angle of Attack

For ease of explanation, the current discussion assumes that motion is restricted to the pitch plane, although the
theory is applied similarly to motion in the yaw plane. Canopy rotation about the ball joint in the pitch plane is
shown in Figs. 17a and 17b. Rotation of the canopy results in a velocity component that is tangent to the canopy’s
circular arc of motion (V;). Aerodynamic forces act through the center of pressure of the parachute, which is
generally located near the skirt of the canopy (R,,). Since the canopy forces are computed with respect to the total
angle of attack and the velocity of the canopy, the velocity and total angle of attack are calculated at the center of
pressure. The tangential velocity is given in Eq. 17. The velocity V. is the wind velocity at the canopy, which is
assumed to act along the tunnel centerline and have a larger magnitude than the freestream wind velocity due to
blockage effects. The resulting velocity triangles seen in Figs. 17c¢ and 17d give rise to the actual wind velocity (V,,)
at the center of pressure of the canopy and a dynamic angular component of the angle of attack. Note that the sign of
the pitch rate (9) depends on whether the canopy is rotating away from the tunnel centerline (positive) or towards
the centerline (negative). Additionally, note that the direction of the tangential velocity in Figs. 17¢c and 17d is equal
and opposite of that shown in Figs. 17a and 17b because the wind velocity with respect to the canopy is equal and
opposite of the velocity of the canopy with respect to the wind.
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(b) Canopy rotation for 8 <0
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(¢) Velocity triangle for 8 > 0 (d) Velocity triangle for 8 <0

Figure 17. Diagram of canopy rotation and the resulting wind velocity
triangle for motion in the pitch plane.

The angle y is defined as the angle between V. and V; and is given in Eq. (18). In Eq. (18), “sgn” is the sign of the
function and is equal to +1 when the pitch rate is positive and -1 when the pitch rate is negative. The actual wind
velocity V,, is then calculated via the Law of Cosines as in Eq. (19).

y=§+sgn(9)0 (18)

V, =VZ+V=2V.V,cosy (19.1)

V, = \/Vf + préQ -2V, R(Vp0'|cos[%+ sign(é)&} (19.2)



With V,,, V,, and y known, the dynamic angle of attack correction A can be calculated via the Law of Sines as in
Eq. (20). The angle of attack is then the sum of the geometric pitch angle and the dynamic correction, as in Eq. (21).

sinAa  siny,

20.1
v, v, (20.1)
R0 .
Ao =sin™ & | sin %+ sgn(@)H] (20.2)
\/VZ +R26 -2V, cos[ 5 +sgn(6’)9]
a=0+Aa 21

Angle correction in the yaw plane is similar to the correction in the pitch plane. Therefore, the aerodynamic
sideslip angle and its dynamic correction are given Eq. (22).

ch¢|

AB =sin™ ]sm[§+sgq¢0w] 22.1)

J P+R Y -2V,

Rcﬁzp|cos[ +sgn(1p)1/)
B=y+Ap (22.2)

The total angle of attack, accounting for both static and dynamic contributions, is given in Eq. (23). Note that the
total angle of attack is always positive due to its physical definition.

cosa, =cosacosf (23.1)
a, =cos™ [cosacos /J’] (23.2)

B. Calculating Derivatives of the Total Angle of Attack
The derivative of the total angle of attack can be calculated by taking the derivative of Eq. (23.1).

. Gsinacos B+ Bcosasin
iy b+ feosasing (24)
sina,

The derivative of the angle of attack and the sideslip angle are equal to the sum of the derivatives of the static
and dynamic components, as in Eq. (25). Derivatives of the dynamic contributions are given in Eq. (26).

¢ =0+Ac (25.1)
Ad=x@uwzwg@ siny, Kgcow@-ﬁ (26.1)
v, cosAa V, cosAa
A —V,‘V s1ny V, cosy, .
A=t T s (26.2)
% cosAB V, cosAp &

The derivatives of the tangential canopy velocity in the pitch plane (y,) and the actual wind velocity in the pitch
plane can be found by differentiating Eqgs. (17), (18) and (19.1) and are calculated via Egs. (27.1.1), (27.1.2), and
(27.1.3) respectively. The derivatives of the tangential canopy velocity in the yaw plane (7,) and the actual wind



velocity in the yaw plane can be found in the same way and are calculated via Eqgs. (27.2.1), (27.2.2), and (27.2.3)

respectively.
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7}9 =0
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A o)+ 7V.Y, sin,
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(27.1.1)
(27.1.2)

(27.1.3)

(27.2.1)
(27.2.2)

(27.2.3)

The second derivative of the total angle of attack can be calculated by twice differentiating Eq. (23.1). The
remaining derivation proceeds in the same fashion as for the first derivative (given in Egs. (24) through (27)).
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The parachute center of pressure can be expressed in the inertial frame via the transformation matrix in Eq. (1).
The inertial coordinates of the center of pressure are found in Eq. (32).



cos@cosy
R =R siny (32)

—-sinfcosy

The inertial angular velocity vector () of the canopy can be determined by rotating the Euler angle rates back to
the inertial frame, as in Eq. (33).

cosd 0 sinf || O cos 0 sing || cosy -siny O || 0
Q= 0 1 0 6+ 0 1 0 singg cosy O || O (33.1)
—-sinf 0 cos@ 0 —sinf 0 cos@ 0 0 1 Y
ysin
Q- 0 (33.2)
cosd

Knowing the inertial coordinates of the parachute center of pressure and the inertial angular velocity, the
tangential velocity vector (V) of the canopy can be determined via Eq. (34).

V,-QxR, (34.1)
X, —Osin@cosy —cosOsiny

V.=| ¥, [=R, Pcosy (34.2)
Z -0 cosfcosy +ysin@siny

The total wind velocity at the canopy is the sum of the blockage-corrected wind velocity and the wind velocity
due to tangential motion of the canopy. The actual wind velocity vector and magnitude are given in Eq. (35).

V. X, V. +R_ (Osinfcosy +ycosfsiny)
V,=| 0 -] y, |= -R yrcosy (35.1)
0 Zp ch(écosﬁcosyJ—zj)sinHSinlp)
v, =\/(Vc i, ) L (35.2)
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